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In a previous work, we have constructed a reparametrization invariant worldsheet 
action from which one can derive the super-Poincare covariant pure spinor formahsm for 
the superstring at the fully quantum level. The main idea was the doubling of the spinor 
degrees of freedom in the Green-Schwarz formulation together with the introduction of a 
new compensating local fermionic symmetry. In this paper, we extend this "double spinor" 
formalism to the case of the supermembrane in 11 dimensions at the classical level. The 
basic scheme works in parallel with the string case and we are able to construct the closed 
algebra of first class constraints which governs the entire dynamics of the system. A 
notable difference from the string case is that this algebra is first order reducible and 
the associated BRST operator must be constructed accordingly. The remaining problems 
which need to be solved for the quantization will also be discussed. 
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1 Introduction 



Six years ago, N. Berkovits opened up a novel perspective for the quantization of the 
superstring with manifest super-Poincare covariance by proposing the so-called pure 
spinor (PS) formalism [1]. The basic ingredient of this formalism is the BRST-like 
operator Q — J dzX'^da, where da — Pa + idx'^{lmG)a + \{l^d)a{9^^d9) coincides 
with the familiar constraint that arises in the conventional Green-Schwartz (GS) for- 
mahsm and A" is a bosonic chiral spinor playing the role of the associated "ghost". 
For Q to be regarded as a ERST operator, however. A" must satisfy a subsidiary con- 
straint. With the assumption that all the fields are free, one obtains the operator product 
da{z)dp{w) — 2i'y^i^{dxm — iO^mdO) / {z — w) and hence Q becomes nilpotent if and only if 
A"7^A^ — 0- This, in 10 dimensions, is precisely the condition for A" to be a pure spinor 
in the sense of Cartan [2]. 

The striking property of this operator Q is that, despite its simplicity, its cohomology 
correctly reproduces the spectrum of the superstring [3]. Moreover, together with the 
field conjugate to A", the fields in the theory form a conformal field theory (CFT) 
with vanishing central charge, which allows one to make use of the powerful machinery of 
CFT. Q-invariant vertex operators were constructed and by postulating an appropriate 
functional measure the known tree level amplitudes were reproduced in a manifestly co- 
variant manner [1, 4]. Subsequently, this success was extended to the multi-loop level [5]. 
Some explicit supercovariant calculations have been performed at 1 and 2 loops [6] , which 
agreed with the results obtained in the Ramond-Neveu-Schwarz (RNS) formahsm [7, 8]. 
Furthermore certain vanishing theorems were proved to all orders for the first time, demon- 
strating the power of this formahsm [5] . Another advantage of the PS formalism is that 
it can be coupled to backgrounds including Ramond-Ramond fields in a quantizable and 
covariant way [1, 9], in distinction to the conventional RNS and GS formalisms, where 
one encounters difficulties. 

More recently it has been shown that, with some additional fields, the original PS 
formalism can be promoted to a new "topological" formulation [10]^, where the structure 
of the loop amplitude becomes very similar to the bosonic string, just like in the case of the 
topological string [12]. This structure may shed more light on the deeper understanding 
of the PS formalism. For many other developments, the reader is referred to [14]-[28] and 
a review [29]. 

Behind these remarkable advances, there remained a number of important mysteries 
^See also [11]. 
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concerning this formalism: What is the underlying reparametrization invariant worldsheet 
action and what are its symmetries? How does Q arise as a BRST operator? Why are 
all the fields free? How does A° get constrained and how does one quantize it? Why is 
the Virasoro constraint absent in Ql How does one derive the functional measure? In 
summary, the basic problem was to understand the origin of the PS formalism. 

In a previous work [22], we have given answers to many of the above questions by 
constructing a fundamental reparametrization invariant action from which one can derive 
the PS formalism at the fully quantum level. As we shall review in Sec. 2, the basic idea 
was to add a new spinor degree of freedom 6°' to the Green-Schwarz action consisting 
of and d°^, in such a way that a compensating local fermionic symmetry appears on 
top of the usual re-symmetry [30]. Due to this extra symmetry, the physical degrees of 
freedom remain unchanged. Just as in the usual GS formalism, the standard Hamiltonian 
analysis a la Dirac shows that both the first and the second class constraints arise, which 
cannot be separated without breaking manifest Lorentz covariance. Now the advantage 
of the "double spinor" formalism is that this breakdown can be confined to the 9 sector 
while the covariance for and 0°^ remain intact. Then after fixing the re-symmetry for 
the 6 sector by adopting the semi-hght-cone (SLC) gauge, one obtains a closed set of first 
class constraints which govern the entire dynamics of the theory. This algebra, which is 
absent in the conventional GS formahsm, has its origin in the aforementioned extra local 
fermionic symmetry and is the most important feature of the double spinor formalism. 

Furthermore, by appropriate redefinitions of the momenta, one can construct a basis 
of fields in which the Dirac brackets among them take the canonical "free field" form. 
This at the same time simplifies the form of the constraints. The quantization can then 
be performed by replacing the Dirac bracket by the quantum bracket together with slight 
quantum modifications of the form of the constraints due to multiple contractions and 
normal-ordering. The quantum first class algebra so obtained precisely matches the one 
proposed in [17] and justifies the free- field postulate of Berkovits^. 

The nilpotent BRST operator Q associated with it can easily be constructed in the 
standard way, with the introduction of unconstrained bosonic spinor ghosts A*^ and the 
reparametrization ghosts (6, c) associated with the Virasoro constraint. At this stage, 
Q still contains non-covariant pieces representing the part of the degrees of freedom of 
the gauge- fixed 6°". The remarkable fact is that all the unwanted components in Q can 
be removed or cohomologically decoupled through a quantum similarity transformation: 
The Virasoro generator disappears together with the 6, c ghosts and the non-covariant 
^This first class algebra can also be obtained by the so-called "BFT embedding method" [13] 
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remnants of 9°" cancel against a part of the unconstrained A" in such a way that it 
precisely becomes a pure spinor A" satisfying the quadratic PS constraint. In this way 
one finally arrives at the Berkovits' expression Q — J dzX°'da- In [22] it was also shown 
that the same method can be used to derive the PS formalism for a superparticle in 11 
dimensions. 

Now, an obvious and challenging question arises: Is the above idea apphcable to the 
supermembrane in 11 dimensions as well? 

Some years ago, the possibility of a pure spinor type formalism for the supermembrane 
was investigated by Berkovits [16]. Largely based on the requirement that the theory 
should reduce in appropriate limits to that of a 11 dimensional superparticle and a 10 
dimensional type IIA superstring, he generalized the conventional supermembrane action 
first written down by Bergshoeff, Sezgin and Townsend (BST) [31] to include a bosonic 
spinor A" and its conjugate Ua- This action is invariant under a postulated BRST trans- 
formation generated hj Q = J (i^aX^da-, which is nilpotent if a set of constraints on A" 
are satisfied. In addition to the familiar one AF^A = 0, this set includes further new 
constraints involving worldvolume derivatives. Unlike the case of the superparticle and 
the superstring, the action is non-linear and the problem of quantization was left un- 
solved. Nonetheless, this pioneering study gave some hope that a covariant quantization 
of a supermembrane may be possible along the lines of the pure spinor formalism. Our 
work to be presented in this paper is another attempt for this challenging task from a 
different more systematic point of view. 

We will now outline the results of our investigation, which at the same time indicates 
the organization of the paper. 

We begin in Sec. 2 with a review of how the double spinor formalism works in the 
case of the superparticle and the superstring. This should help the reader to form a clear 
picture of the basic mechanism, without being hampered by the complicated details of 
the membrane case stemming from the high degree of added non-linearity. 

The main analysis for the supermembrane case is performed in Sec. 3. The funda- 
mental action we start with in Sec. 3.1 is formally of the same form as the conventional 
one [31], except that (i) the spinor variable Oa is replaced by 6a — a where 6a is the newly 
introduced spinor and (ii) the membrane coordinate is replaced by — idV^B. Due 
to these modifications, the action acquires an extra local fermionic symmetry, which will 
play the crucial role. Then, through the usual Dirac analysis, we obtain in Sec. 3.2 the 
fundamental constraints of the system. Due to the presence of the extra spinor 6a and 
its conjugate momentum, there will be an additional fermionic constraint Da besides the 
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usual one Da associated with 6a- Upon defining the Poisson brackets for the fundamental 
fields, we compute the algebra of constraints. This reveals, just as in the case of the su- 
perstring, a half of Da are second class and the remaining half are first class. On the other 
hand, the combination = Da + Da, which generates the extra fermionic symmetry, 
anticommutes with both Da and Da- To separate the first and the second class part of 
Da, we will make use of the hght-cone decomposition. Then the first class part can be 
identified as the generator of the k transformation. Although the computations are much 
more involved compared to the string case, we show that the anticommutator < K^, Kg \ 



closes into a bosonic expression 7^^, which, although somewhat complicated, is equiva- 
lent to the bosonic constraints coming from the original worldvolume reparametrization 
invariance. Next in Sec. 3.3, we perform the semi-light-cone gauge fixing and eliminate 
the K-generators as well as the original second class constraints, by defining the appro- 
priate Dirac brackets. We are then left with the remaining fermionic constraints Da and 
the bosonic constraints 7^^. Direct computation of the algebra of these quantities under 
the Dirac bracket is unwieldy but we found a way to determine it efficiently by indirect 
means. The result is a conceptually simple first class algebra, which governs the entire 
dynamics of the system. A notable difference from the string case, however, is that this 
algebra is first order reducible, namely that there is a linear relation between some of the 
constraints. The associated BRST operator, therefore, must be constructed according 
to the general theory [35] applicable to such a situation. This procedure is described in 



Thus, as far as the general scheme of the double spinor formalism is concerned, we 
have found that it is indeed applicable to the supermembrane case as well and produces a 
BRST operator in which the covariance is retained for the bosonic coordinate and the 
new spinor 9, which is crucial for the would-be pure spinor type covariant formulation. 
Unfortunately, the remaining steps for proper quantization and elimination of the non- 
covariant remnants present a number of difficulties and at the present stage we have not 
yet been able to obtain complete solutions. 

In preparation for future developments, however, we will spell out in Sec. 4 the na- 
ture of these problems and present some preliminary investigations. The first problem, 
discussed in Sec. 4.1, is the construction of the basis in which the fields become "free" 
under the Dirac bracket. In the case of the superstring, this problem was solved com- 
pletely in closed form, which was a crucial ingredient for the justification of the free field 
postulate of Berkovits. For the supermembrane, it gets considerably more complicated. 
Nevertheless, we will show that the desired basis can be explicitly constructed in closed 
form in the case of the usual BST formulation without the new spinor 9. For the double 




Sec. 3.4. 
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spinor formalism, it is accomplished as yet partially but the result strongly indicates the 
existence of such a basis. The second problem is that of quantization. Even if such a 
"free field" basis is found, the replacement of the Dirac bracket by the quantum bracket 
is but a part of the quantization procedure. We will discuss what should be achieved for 
a complete quantization and present a preliminary analysis. 

Finally, in Sec. 5 we will briefly summarize the main points of this investigation and 
discuss future problems. 

Four appendices are provided: Our notations and conventions are summarized in 
Appendix A, useful formulas in the SLC gauge are collected in Appendix B, a proof of 
the equivalence of sets of bosonic constraints is given in Appendix C and the first order 
reducibility function is obtained in Appendix D. 

2 Basic idea of the double spinor formalism: A review 

Let us begin with a review of the double spinor formalism for the case of the lower 
dimensional objects, which should serve as a reference point for the more complicated 
supermembrane case. To highhght the essence of the basic idea, we will concentrate on the 
simpler case of the superparticle and then supplement some further technical refinements 
needed for the superstring. 

2.1 Superparticle 

To motivate the double spinor formalism, it is useful to first recall the origin of the diffi- 
culty of the covariant quantization of a superparticle in the conventional Brink-Schwarz 
(BS) formalism [32]. In this formulation, a (type I) superparticle in 10 dimensions is 
described by the reparametrization invariant action given by 



where e is the einbein, 9°' is a 16 dimensional Majorana-Weyl spinor, and the Lorcntz 
vector index m runs from to 9. The generalized momentum H™", and hence the action, 
is invariant under the global supersymmetry transformation 66°' = e", Sx™- = ie'~f"^9. In 
addition, the action is invariant under the K-symmetry transformation of the form [30] 
69 = n„j7"/t, 5x"^ = i6'y™'56, 5e = AieOn, where local fcrmionic parameter. 

From the definitions of the momenta {pm,Pa,Pe) conjugate to {x"^, 9", e) respectively. 
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one obtains the following two primary constraints: 

da=Pa-iPm{l"'0)a^O, Pe = 0. (2.1) 

Then, the consistency under the time development generated by the canonical Hamilto- 
nian H = (e/2)p^ requires the additional bosonic constraint 

r=ip2^0. (2.2) 

Hereafter, we will drop (e,Pe) by choosing the gauge e—1. Then, taking the basic Poisson 
brackets as 

{a;™,p4^ = C, {Pa,e^}^ = -S^, (2.3) 

the remaining constraints form the algebra 

{da, dp}p = 2i^^^ , {da, T}^ = (T, T}^ = . (2.4) 

This is where the necessity of non-covariant treatment becomes evident: On the con- 
strained surface = 0, the quantity ^ has rank 8, indicating that eight of the da are of 
second class and the remaining eight are of first class. Since there is no eight-dimensional 
representation of the Lorentz group, manifest covariance must be sacrificed in order to 
separate these two types of constraints. 

To perform the separation, one employs the SO (8) decomposition 

p^^{p-^,p-,p'), p^^p'±p\ i = l~8, (2.5) 
da = {da, da) , a, d = 1 ~ 8 . (2.6) 

Then from (2.4) it is easily checked that da are of second class and the combinations 

Ka = da-^7lbdb, (2.7) 

which generate the ^-transformation, form a set of first class constraints together with 
T. The rest of the procedure is standard: The second class constraints are handled by 
introducing the Dirac bracket, while the first class constraints can be treated by adopting 
the (semi-)light-cone gauge. After that the quantization can be performed in a straight- 
forward manner. 

The well-known analysis recalled above clearly shows that, as long as one employs 
a single spinor there is no way to derive a covariant quantization scheme such as 
the pure spinor formalism of our interest. As we demonstrated in a previous work, this 
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problem can be overcome by introducing an additional spinor O"', together with a new 
compensating local fermionic symmetry to keep the physical content of the theory intact. 

The new action is formally the same as the Brink-Schwarz action (2.1), except that 9 
and x'^ are replaced as 

e^e = e-e, x"" ^ y"" = x"^ - ie^^^e . (2.8) 

As we keep the new spinor 6 till the end while 6 will be eliminated, the global supcrsym- 
metry transformations arc taken as 66 = e,66 = 0, = ie'~f^6. Because 6 is introduced 
in the simple difference 9 — 9, there arises an apparently trivial local fermionic invariance 
under 69 = x,69 = x, where x is a local fermionic parameter. If we gauge-fix 9 to be zero 
using this symmetry, we get back the original Brink-Schwarz action. It is easily checked 
that the «;-symmetry for 9 (with 69 = 0) remains intact. 

The standard Dirac analysis generates the following constraints: 

Da=Pa-^ma = 0, = - t{^{9 - 29))^ = , (2.9) 

r=^p2^o. (2.10) 

Da is a new constraint associated with 9". It is more convenient to replace it with the 
linear combination = Da + Da, which can be identified as the generator of the extra 
local fermionic symmetry. Since can be easily checked to Poisson anti-commute with 
Da and with itself, the only non- vanishing bracket is 

{Da,Df,}^^2i^ap- (2.11) 

The situation being exactly the same as in the BS formalism, we must employ the light- 
cone decomposition to identify Da as the second class and the K-generator = D^ — 
(pYp+)7*5_Db as the first class part of D^- They (anti-) commute with each other and with 
T and satisfy the relations 

{Da, D,}^ = 2ip+6ab , {Ka, i^Jp = -^'-^^-b ■ (2-12) 

Now by imposing the SLC gauge 9a = 0, Ka^s are turned into second class and, together 
with Da, are handled by the use of the appropriate Dirac bracket { , Upon this 

step, the remaining part of 9, namely 9a, becomes self-conjugate: With a slight rescaling, 
we have Sa = V2p+9a satisfying [Sa, Sb} = i6ab- 

The crucial difference from the BS formalism is that, under the Dirac bracket, we still 
have a non-trivial first class algebra formed by T and Da (which is the same as Aq, since 
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Da has been set strongly to zero) . It reads 

{D,, = -4^^5,^ , rest = . (2.13) 

This is identical in form to the one satisfied by Ka above (under the Poisson bracket) and 
shows that, through the new local fermionic symmetry, the content of the ^-symmetry 
for 9 is transferred to the sector involving the new spinor 6. 

The quantization is performed by replacing the Dirac bracket by the quantum bracket. 
With a slight rescaling of fields, we can set [x"\pn] = iS"'', {pq,6'^} = 5^, {Sa, Sb} = dab- 
The classical algebra (2.13) then turns into the quantum algebra 

{D,,Dj = -4i^(5,^, rest = 0, (2.14) 

with 



Da = da + iV^Sa , Da = da + l^^HabSb , (2.15) 

where we have separated for convenience the spinor covariant derivative da = Pa + {i>(^)a 
for the 9 sector. 

It is now straightforward to construct the nilpotent BRST operator associated with 
the above first class algebra. It reads 

Q = A^L'^ + ^KKh + cT , (2.16) 

where A" = (A^, A^) is an unconstrained bosonic spinor ghost and (6, c) are the usual 
fermionic ghosts satisfying {b,c} = 1. Note that the familiar important relation &| = 
T holds. 

The remaining task is to show that this Q has the same cohomology as the Berkovits' 
Q — X°'da, with the constraint A7"*A = 0. This can be done by suitable quantum similarity 
transformations, which preserve the nilpotency and the cohomology. First, to remove T, c 
and b, we introduce an auxiliary field la with the properties Xala — 1, laid — and form 
the following operator 

bs = -^laD,. (2.17) 

This may be called a composite 6-ghost^ in the sense that it satisfies — T and 

{^3-1^3} = just like h. Then by a similarity transformation e^{-k)e''-^ with X — bBC, 

^We observe that this is very similar to the composite b ghost constructed in the recent "non-minimal" 
(topological) formulation of tlic' PS formalism [10] and is expected to play an important role in deriving 
that theory from the first principle. 
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one can remove T and c and obtains 



e^ge 



-X 



Q 




(2.18) 



(2.19) 



where = — (l/2)/aAjA^ satisfies the relation AaAa = 0, recognized as a part of the PS 
condition. Further, since c is no longer present, the last term containing h can be dropped 
without changing the cohomology. Note that even though T, 6, c have disappeared we still 
have the relation |(5)^b| = T. Finally, one can show that the non-covariant fermionic 
fields Sa in Q cohomologically decouple together with 4 of the 8 components of Aa in such 
a way that the remaining 11 components of A" precisely form a pure spinor A" satisfying 
the condition A7'"A = 0. This can again be effected by a similarity transformation [22] 
but we will not reproduce the detail here. 

2.2 Superstring 

The basic idea described above turned out to work for the superstring case as well. How- 
ever, there were several new complications, which we list below and briefly describe how 
they were overcome. 

• First, the basic Green-Schwarz action, with a modification of the form (2.8), is more 
non-hnear due to the presence of the Wess-Zumino term. This and the existence of 
the added spinor make the separation between the left-moving and the right-moving 
sectors cumbersome. These complications, however, are only technical and do not 
cause essential problems. 

• Another difference is that the various quantities now contain a- derivatives. This 
leads to a more serious problem: The Dirac brackets among the original basic fields 
are no longer canonical. Fortunately, we were able to overcome this difficulty by 
constructing a modified basis in which the (redefined) fields satisfy canonical bracket 
relations. 

• The third new feature in the string case is that in order to realize the crucial first 
class constraint algebra quantum mechanically one must make modifications due to 
multiple contractions and the normal-ordering of composite operators. Fortunately 
again, the needed modifications were minor and could be found systematically. 

In the case of the supermembrane, similar complications are expected to arise. We shall 
see that some of them can be handled in parallel with the string case but some others 
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present qualitatively new problems. 



3 Double spinor formalism for supermembrane at the 
classical level 

Having clarified the basic idea of the double spinor formalism, let us now apply it to the 
supermembrane case. 

3.1 Fundamental action and its symmetries 

Just as in the superparticle and the superstring cases, the fundamental action for the 
double spinor formalism for the supermembrane is obtained from the conventional EST 
action [31] by simple replacements of fields. Setting the membrane tension to unity, it 
reads 

J d^i{CK + Cwz), (3.1) 
C^K = -\v^{g''TlYxljM - 1), (3.2) 
i^wz = -\e''''WjMN{T^fT^KM + T^fWKM + \wyWKM) , (3.3) 

where 

Q = e-e, = x'' -ier^e, (3.4) 

and the basic building blocks are defined as 

nf = dy^ - Wj^, (3.5) 

= ier^diQ, w^"" = ier^^a^e . (3.6) 

Our notations and conventions are as follows^: = {t,a^) (i = 1,2) stands for the 
worldvolume coordinate, (M = 0, . . . , 10) is the membrane coordinate, and 9a and 
9a {A — 1, . . . , 32) are the two species of Majorana spinors. As before 9 is the newly 
added spinor characteristic of this formalism. The worldvolume metric is denoted by 
gij {I — 0,1,2). As for the F-matrices, we employ the 32-dimensional Majorana rep- 
resentation and denote them by F^^. The charge conjugation matrix C equals F° and 
is antisymmetric (C^ = — C). Other combinations that frequently appear are CF^ and 
**For more details, see Appendix A. 
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(jymn = c{r^r^ - r^r^)/2, which are both symmetric. The Dirac conjugation of a 
spinor is defined by 9a = {OC)a- 

The symmetries possessed by the action above are essentially of the same kind as in 
the supciparticle case. In particular, the following three fermionic symmetries will be 
important in the subsequent analyses: 

1. Global supersymmetry: 

SOa^O, SOa^sa, 5x^^ier^e. (3.7) 

Note that the transformation closes within the {x^ , 9a) sector. This will allow us 
to gauge-fix 6 without breaking this symmetry. 

2. K-symmetry: 

5Qa = (1 + r)K(0, 5y'' = ^^{l + V)K{i), 

+ -^^{Kr'^d''e)UKMe'^''''e''''^' (3.8) 

where 

r=(i/3!^)e^^^nfn^n^rMivP, r' = i (on-sheii). (3.9) 

This is nothing but the standard ^-symmetry [31, 33] written in terms of {y^ , Qa)- 

3. New local fermionic symmetry: 

59a = S9a = Xa, 5a;*' = ^(xr*'e), {SQa = Sy"" = 0) , (3.10) 

where Xa{0 is a local fermionic parameter. Clearly, one can use this symmetry to 
gauge-fix 9a to zero, upon which our action reduces to the conventional BST action. 
On the other hand, if we keep this local symmetry till the end it is expected to lead 
to a first class algebra of constraints, which was the pivotal element for deriving 
the PS formalism for the superparticle and the superstring [22]. Below we shall 
investigate if this will be the case for the supermembrane as well. 
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3.2 Analysis of constraints 



As we shall use the Hamiltonian formulation, it is most efficient to employ the ADM de- 
composition of the worldvolume metric [34], namely, ds^ = —{Ndt)^+'jij{da^+N^dt){da^ + 
N^dt), where iV, iV* and 'jij are, respectively, the lapse, the shift and the spatial metric. 
We will also use the notation g = det gij — where 7 = detjij. In terms of these 

ADM variables our action can be written as 

jCk = ^AU^UoM + B^'UoM + C, (3.11) 
Cwz^FmH^ + ^aQa, (3.12) 

where^ the quantities 

A^^, B'^^-ANrnf, c= V(i-7^^n,-n,) + |^, (3.13) 

Fm = e*WiMJv(nf + ^Wf), (e^2 ^ (3 ^4^ 

are bosonic and 

= -^e'^(erMiv)A(nf nf + ufw^^ + W.'^wA 

2 . ^ ' ^ ' (3.15) 

+ ^6'w,Miv(er^)A(nf + 

is fermionic. It is important to note that 11^, Fm, ^a-, and Wimn are invariant 
under the local fermionic symmetry (3.10). 

We will denote the canonical conjugates to the basic variables {N^ N\ 7jj, x^, 9a, Oa) 
by {P, Pi, P^^ , kM,kA, kA)- They are defined in the standard manner such as A;^ = 
{d/d9A)jC, where for fermions we use left derivatives. The Poisson brackets for the fun- 
damental fields are taken as 

{N{a), P{a')}p = 5{a - a'), {N\a), Pj{a')}p = 5i5{a - a'), (3.16) 



Hj{a), P'\a')}p = 8l^8{a - a% {6^ ^ 6^S^ - 5',5^), (3.17) 

{x^(a), A;^((7')}P = v'^'^'Sia - a'), (3.18) 

{0A{a), kB{a')}p = {eA{a), kB{a')}p = -6ABS{a - a'), (3.19) 

rest = 0. (3.20) 



Since A, B, C, F and $^ do not contain time derivatives, these canonical conjugates 
are readily computed and some of them lead to the primary constraints. First, as the 
5 We define = X^Xm and X • F = X^Ym- 
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action does not contain the time derivative of the worldvolume metric, their conjugates 
(P, Pi, P^^) vanish. Similarly, the definitions of the fermionic momenta kA and kA lead to 
the constraints 

DA=~kA- ikM{9r^)A + $A ~ 0, (3.21) 
DA = kA + ikM{{2§ - ^)r^)^ - ~ , (3.22) 

where ~ means weakly zero. The highly complicated quantity ^a disappears in the 
sum 

AA = DA + DA^kA + kA + ikM{er^)A , (3.23) 

which can be identified as the generator of the local fermionic symmetry. Below, we shall 
take Da and as the independent set of constraints, instead of Da and Da- After some 
algebra, the Poisson brackets among Da and are found as 

{DA{a), DB{a')}p = tGABS{a - a'), (3.24) 
{A^(a), AB{a')}p = {A^(a), ^B(a')}p = 0, (3.25) 

where Gab is given by 

Gab = 2]CM{Gr^)AB + e^^nf nf (CrMiv)AB . (3.26) 

The first term on the RHS is the counterpart of the operator j^^,^ in the superparticle case, 
while the second term is a new structure characteristic of the supermembrane. 

Now, as is usual, we must see if the constraints are consistent with the time develop- 
ment. The canonical Hamiltonian is given, up to the constraints described above, by 

/N 

d^aU, n = — T + N'% , (3.27) 

where 

^^^(^' + 7(7^^n,-n,-i)), %^]c-u,, ^^^g^ 

T and 7^ are the generators of the worldvolume reparametrization. Demanding the con- 
sistency of the vanishing of (P, Pj, P*-') with the time development, we get the secondary 
constraints 

7^(0) = + M (^ 2T) ^ 0, t}^^ = %^0, T^f = Hi ■ Ilj - 'jij « 0, (3.29) 
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where = Ui-Uj, M = det Mij. Therefore, the total Hamiltonian at this stage consists 
purely of constraints 

nT^uP + UiPi + UijP'^ (3-30) 

where the Lagrange multipliers m's and f 's are arbitrary functions on the phase space. We 
must check if the constraints are maintained in time by computing their Poisson brackets 
with Ht- It turned out that our system is already consistent and no new constraints arise: 
With appropriate reorganization, all the constraints weakly commute with Ht- This will 
become evident in the next subsection, where we consider the lightcone decomposition of 
the constraints. 

3.2.1 Separation of first and second class constraints 

Now we must perform the separation of the first and the second class constraints. This 
is done by (block) diagonalizing the matrix Cu given by 

Cu = {0,, 0j}p, 0, = (p, p„ , a«) , (3.31) 

on the constraint surface 0/ = 0. After some analysis, we find that the following set of 
constraints, equivalent to the original ones, do the job: 

P, P,, P'^ Tif, A„, (3.32) 

bA = DA- ^P'KCT'^diO)A^jM , (3.33) 

^(0) ^ 7^(0) _ 2P^^diUj ■ K + ie'^{dieT^b)IljM , (3.34) 

f{i) ^ _ 2^.,a.pife + 28^0 aD A . (3.35) 

The brackets among them all vanish on the constraint surface, except the following two: 

{P^^), Tif{a')}p = 5ZK^ - a'l (3.36) 
{DAia), bB{a')}p ^ zGABS{a - a') . (3.37) 

Gab, as defined in (3.26), has rank 16. Therefore, P*^, T^^ and a half of Da are of second 
class and all the others are of first class. Actually, the pair of second class constraints 

(2) 

{P'^^,T>j') commute with others even in the strong sense. This means that the Dirac 
bracket on the constraint surface P^^ — T^p = is identical to the original Poisson 
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bracket, and we may ignore them together with their conjugates {jij,P^^). By choosing 
the gauge in which N — 1 and — 0, P and Pj can be disposed of by the same reason. 



Thus we are left with the remaining constraints 

Da^Ia- ikM{^V^)A + , (3.38) 

= /C^ + M + ie'^{di§r^D)UjM , (3.39) 

T^^^ =}C-Ui + 2diQADA , (3.40) 

A^ = kA + kA + ikM{QT'')A , (3.41) 



where for simphcity we removed the hats from the modified constraints {DA,f^°\f^^^). 
Except for a half of Da, all of them are first class: T^^^ and T^^^^ generate the worldvolume 
reparametrizations, A^^ generates the local fermionic symmetry, and the first class part 
of Da generates the K-symmetry (3.24). 

We shall now separate the first and the second class part of Da explicitly by defining 
the generator of «;-symmetry. This can be done most efficiently by making the following 
lightcone decomposition. We take a basis of spinors in which the lightcone chirality 
operator ( i.e. the 5*0(1, 1) boost charge) given by F = r°r^° is diagonal and decompose 
spinors into lightcone chiral and anti-chiral components according to their F eigenvalues: 
4>A = {(paj'Pa), fa^0^ = (pa and t ^p't^ p ~ ~4>a- 1^ "^111 be useful to remember that 
CF^ = C(F° ± F^°), with non-vanishing components CT^j^ = — 25^^, CF~^ = — 25q,^, 
serve essentially as projectors. As for vectors, the decomposition is defined as v'^ = 
{v~^, v~, v"^),v^ = ±v^^, m = 1, . . . ,9. (Further details of our conventions can be found 
in Appendix A.) 

In this basis. Gab decomposes as 

= 2{A + Bmr)ap , = 2{A' + B'^r)^p , (3.42) 

Gap = iC + D^^^ + Era^^^-)^^ , Gap = {C + D^^^ - E^^^^^^^p , (3.43) 

where 

A = /C+, B"" = -e'mfU]', (3.44) 

A'^JC-, B^^^e'mrUJ', (3.45) 

C^e'm-U+, Dm^21Cm, Emn^e'mimlljn. (3.46) 

Here and hereafter, we assume that A = /C+, B = vi?™B™ and A^—B"^ are non-vanishing. 
This is the analogue of the usual assumption in the Green-Schwarz superstring that the 
lightcone momentum k^ does not vanish. Now, to construct the ^-generator, we will need 
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the inverse of the matrix Gap- Consider the quantity Uai3 = ^B'^^'^p. It is a symmetric 
matrix satisfying vP' — B^B^'^^^^ / B"^ — 1, due to the Chfford algebra. Therefore, the 
set of expressions of the type {x + yujap appearing in Gajs form an algebraic field. This 
immediately allows us to compute the the inverse as^ 

- ]_ {A - BuU ■ (3.47) 

Now the K-generator K^, i.e. the first class part of Da, can be identified as the following 
linear combination of the constraints and Da, 



Ka = Da- Gas{G-')s^Dj . (3.48) 

After lengthy but straightforward computations, its Poisson brackets with D^ and with 
itself are found as 

{ka{(T), Di3{(t')}p = (i)-tcrms) ^ 0, (3.49) 
{Kai'j), Kf){a')}p = T.^d{a - a') + (D-terms) ^ , (3.50) 

where 

T'ap ^ ^5^/3 + ^-7™^ , (3.51) 

r = .^^^ \ (Ar(o) - 2Brr,e'mTTf + cemtTf) , (3.52) 

= \ {BmT^'^ - 2Ae'm,mTf + 21Cme'mtTf). (3.53) 

Here "£)-terms" are those which vanish upon imposing the fermionic constraint Da — 0. 
Since both T and %n are hnear combinations of the original bosonic constraints T*^'^^ and 
T^*^^^ , Ka is indeed of first class. 

This completes the classification of the constraints present in our Hamiltonian system. 
The net result may be summarized as follows. The constraints are classified as 

first class: P, , , T^^\ T^^\ Ka, (3.54) 
second class: P'^ , T^f , Da, (3.55) 

where T(o),t/^^ arc the slightly redefined expressions displayed in (3.39), (3.40) and 
is given in (3.48). The total Hamiltonian consists entirely of first class constraints and is 
given by 

Ht = j d^aUr , (3.56) 
nT = uP + u'Pi + uaAa + M(°)r(°) + M^T/'^ + u'^Ka • (3.57) 



^Note that G^^ differs from the a/3-component of the inverse of the fuh matrix Gab- 
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3.3 First class algebra in the SLC gauge 
3.3.1 Dirac bracket in the SLC gauge 



Up to this point, we have not gauge- fixed any of the local symmetries of the system. Now 
we fix the ^-symmetry generated by by imposing the SLC gauge 



r+e^o ^ e^^ o. 



(3.58) 



This renders the pair {6a, Ka) second class. To define the Dirac bracket on the constraint 
surface^ specified by 



(pi = {Da, Ka, 9a) = 0, 



(3.59) 



one must compute the inverse of the matrix 



Cfj^{M^),<Pj{a')}p. 



(3.60) 



Prom (3.49), (3.50) and a simple bracket relation {K^{a), 0^{a')}p — —5^p5{a — a'), Cjj 
can be readily computed. Upon imposing 0j = 0, it reads 



^ij — Ka, 



( 



Dp 
iGajj 










a/3 
5 



5{a-a'), 



a0 



J 



and its inverse takes the form 



(3.61) 



Da 



Da 



\ 



\ 





-hp 



6{a - a') . 



(3.62) 



we remarked earlier, we may simply ignore the constraints {P, Pi, P'^^ ,T^j^) in the subsequent 
analysis. 
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Thus the Dirac bracket on the surface 0/ = becomes 

^ {A{al B{a')]p - j ct>-M,)]p{C-')ij{a,){(t>j{a,l B{a')}p 

= {A{a), B{a')}p + t j ^„(ai)}p(G-i)„^(ai){D^(ai), B{a')}p 

+ j dVi{>l(<7), ~e^{a,)}pT.^{a{){e^{a{), B{a')}p 

+ j (fa,{{A{a), ~e^{a^)}p{k^{a^), B{a')}p 

+ {A{a), i^a(ai)}p{^^ (ai), B{a')}p 



(3.63) 



Now, using this bracket, we compute the algebra satisfied by the remaining first class 
constraints (Aa, 7^°), t/^^), or equivalently, by (Da, t/^^). As in the case of the 
superparticle and the superstring, we expect that the information of the ^-symmetry will 
be refiected in the brackets involving Da- More explicitly, the Dirac bracket {D^, D^}d 
would produce 7^^ just as in the Poisson bracket {Ka, K^}p given in (3.50). To check this, 
first note that under the Dirac bracket {Da, Db}d is equal to {A^, ^b}d- Further, since 
both Da and as well as A^ itself are invariant under the local fermionic symmetry, 
we have 

{Aa, Da}p = {Aa, ka}p = {Aa, Ab}p = . (3.64) 

Using these relations we easily find 

{D^{a), D^{a')}D = {A^(a), A^(a')}z. = (T<5.^ + T„75)<5(a - a'), (3.65) 
{DA{a), Dp{a')}D = {Aa{c7), A^{a')}D = , (3.66) 

which are of the expected form. The relation (3.65) is quite analogous to the correspond- 
ing formula Dj^yo — {—^i/p'^)T6f^jj for the superparticle, but there is one crucial 
difference: While the constraint T — in the superparticle case simply commutes 
with itself under the Dirac bracket, this is not the case for the reparametrization gener- 
ators T(°) and r/^^ for the supermembrane. As this situation is very similar to the one 
we encountered in the analysis of the PS superstring, perhaps it is useful to recall briefiy 
how this issue was resolved in that case. 

3.3.2 A brief revisit to the superstring case 

At the corresponding stage in the analysis of the type II superstring in the double spinor 
formalism, we were left with the first class constraints (A^, A^, T^*^), T^^^), where A^ 
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and Aq are the generators of the local fermionic symmetry for the left/right sectors, 
and T^^^ and T^^) are the worldsheet reparametrization generators. The combinations 
T = + r(i),f = - T^^) generate left/right Virasoro algebras and one obtains a 
nice orthogonal split: 

L(lcft): (A,,T), (right): (A,,t), 

^ {L, R]d = 0. 

Below, we will exclusively deal with the left sector. 

In this sector, we obtained the Dirac bracket relation, analogous to (3.65) above, of 
the form 

{D,{a), Di,{a')}D = ^irS,i,S{a -a'), T = T/n+ , (3.68) 

where a,b denote the 5*0(8) anti-chiral indices and 11+ is a component of the superin- 
variant momentum 11™ = A;™ + d„x"'' + ■ ■ ■ , which is assumed non-vanishing as usual. A 
remarkable fact was that the operator T on the RHS turned out to have a much nicer prop- 
erty than T. While T generates the non-trivial Virasoro algebra, T has vanishing Dirac 
brackets with and with itself, precisely because of the presence of the denominator 
n"*". Moreover, since 11+ ^ 0, obviously T and T impose the same phase space constraint. 
Therefore, even when the algebra of reparametrization is non-trivial, the crucial algebra 
formed by the first class constraints continues to exhibit a very simple structure. We will 
now demonstrate that this feature persists for the supermembrane case as well. 

3.3.3 Fundamental constraint algebra for the supermembrane 

Let us now return to the supermembrane theory. Prom the experience with the super- 
string case just reviewed, we expect that, despite their apparent complexities, T and 
%n would commute among themselves and with Da under the Dirac bracket. However, 
the demonstration by direct computations requires a considerable amount of work and is 
unwieldy. Fortunately, there is a much more efficient way, making use of the symmetry 
structure of the theory. 

The crucial observation is that A^, being the generator of the extra local fermionic 
symmetry, Poisson-commutes with all the quantities, such as /C^, Hf^ , Fm, ^a, , WiMN, 
etc., which arc invariant under such a symmetry. This then implies that even under the 
Dirac bracket commutes with such invariants as long as they have vanishing Poisson 
brackets with 6^, i.e. as long as they are free of ka- In particular, it is easy to check that 
T and 7^ are such a quantities and hence we deduce {A^, Tj^ = {A^, = 0. But 
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since = in the SLC gauge, this is equivalent to 

{DA,T}^={DA,%n}^ = 0. (3.69) 
As for the bracket between T^^s, we can make use of the representation 

-^api^) = J d'p{D^{a), D^ip)}^ . (3.70) 

Then, 

l^dM^), = / d'p{{D^{a), D^ip)}^, ' (3-71) 

and this vanishes by the use of the graded Jacobi identity and (3.69). Moreover, it is clear 
that T and can be independently separated from 7^^, as the unit matrix and 7"* are 
orthogonal under the trace-norm. Hence, we get 

{r, r}^ = {r, r^}^ = = o . (3.72) 

We have thus found a pleasing result: The Dime braeket algebra of the first class 
constraints, {Da = {Da, Da), T, %n}, that governs the entire classical dynamics of the 
supermembrane in the double spinor formalism is of simple structure given by 

{Da,D^}n^T5.^ + %n^^^, (3.73) 
all others = 0. (3.74) 

As in the case of the superstring, this should serve as the platform upon which to develop 
the pure spinor type formalism. 

We must however note that there is one conspicuous difference from the string case: 
The term ^7^^ on the RHS of (3.73), which comes from the structure e^^Hf (CrMJv)As 
in Gab (see (3.26)), is new for the supermembrane. Consequently, the number of bosonic 
constraints T — %n — appears to be more than that of the original constraints 
T^^) — T^"^^ — 0. In Appendix C, we show that nevertheless the phase space defined 
by these two sets are equivalent under generic conditions. This in turn implies that there 
must be 7 linear relations among the 10 constraints 7^ = {Tq — T, 7^), namely 

ZfT^ = 0, p=l,2,...7, (3.75) 

where Z'^ are field-dependent coefficients. Thus, by definition the above algebra is of 
reducible type. To learn the order of the reducibihty, one must find Z'^ and study its 
properties. After some analysis we find that (3.75) splits into 

Z° = 0, Z^T^ = Q, (3.76) 
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where Z^, given explicitly in Appendix D, are linearly independent as seven 9- vectors 
(Zp)"^. This shows that the reducibihty is of first order. 

Due to this reducibihty of the algebra, the construction of the associated BRST charge 
will be more involved than for the string case. Fortunately, however, there already exists 
a general theory [35] to handle such a situation. We will now describe how it can be 
applied to our case. 

3.4 Construction of the BRST operator 

As usual, one starts by introducing the ghosts rjao — {Xa, c, c^) and their conjugate 
antighosts pao — (i^A, b, hm) corresponding to the constraints Gao — {Da, T i %n)- (Aa, ^jJa) 
are bosonic, while (c, h) and (c^, hm) are fermionic and they are assumed to satisfy the 
canonical Dirac bracket relations such as {Aa(c), a;B((7')}^ = cr'), {c((7), &(cr')}^ = 

5((T — cr'), etc. What will be the crucial book-keeping device is the antighost number, gh#, 
which at this stage is assigned to be 1 for (o;^, 6, 6^) and for all the others, including the 
ghosts. On the other hand, the usual ghost number gh# is taken to be 1 for the ghosts and 
— 1 for the antighosts. The basic strategy for constructing the BRST operator Q carrying 
gh# = 1 is to decompose it according to the antighost number as Q — Qo + Qi + ■ ■ ■ 
and determine Qn order by order by requiring that (i) Q is nilpotent under the Dirac 
bracket and (ii) its cohomology correctly realizes the gauge invariant functions defined on 
the constrained surface. Referring the reader to [35] for the full details and justifications, 
below we will explicitly describe the procedure for our system. 

At gh# = 0, we start with 

Qo = VaoGao = XaDa + cT + Cm%n 

This is not nilpotent since 

{Qo, go}^ = KKr + A«7r^A^r.^ = 2L>o . (3.78) 

To cure this, one adds Qi carrying gh^ = 1. Then, {Qo + Qi, Qo + Qi) = 2(Do + 
(Qo) Qi}/)) + {Qii Qi] d' Thus, to realize the nilpotency at gh^^ = 0, we must require 
-Do + [{Qo, Qi} Jo = 0, where [{Qo, Qi} Jo denotes the gh# = part of {Qo, Qij/^- 
Such a structure can only be produced when the antighosts in Qi get contracted with 
the ghosts in Qo and disappear. With this in mind, one defines the nilpotent operator 5, 
acting only on the antighosts, by Spa^ = Gao? i-^- 

Sua ^ Da, 5b^T, 5hm = Tm. (3.79) 



(3.77) 
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Then, it is easy to see that [{Qo, Qi} — SQi holds and the equation to solve becomes 
SQi — —Dq. Since Dq contains no antighosts, the integrability condition 5Do = is 
trivially satisfied. An obvious solution is Qi — —^{XaXab + X'j^^Xbm), for which Qq + Qi 
takes the usual form of the BRST operator, valid if the algebra is irreducible. For the 
reducible case at hand, there is an additional solution of the form ^pZ^bm, where jp are 
newly introduced coefficient fields, called the ghosts for ghosts^. Indeed, S{'ypZ^bjn) — 
^pZpSbm — ^pZp%n, which vanishes due to the reducibility relation (3.76). Thus the 
solution for Qi is 

Ql = -I (XaXab + ^"'^bm) + IpZfbm ■ (3.80) 

We now move on to the analysis at gh^^ = 1. The details are more complicated 
but the basic logic is entirely similar. As the gh^^ = part has been removed, we have 
{<3o + Qi-i Qq + Qi}^ = + (higher order), where gh# = 1 part Di is given by 

Di = lincbm{r, Z^}^ + c„6^{T„, Z™}^) . (3.81) 

In obtaining this result, we have used the fact that {-Da, ^p^} d ~ ^' following from the 
invariance of Z^ under the local fermionic symmetry, and the reducibility relation (3.76). 
Although the actual computation of the commutators appearing in the above expression 
is cumbersome and has not yet been performed, we can proceed further by using the 
general structure of the algebra. Noting that T and %n commute among themselves, we 
get 

%n{T, Z^)^ = {T, %nZ^}^ = , T^{T„, Z™}^ = %nZ^}^ = . (3.82) 

Further, as %nZ^ — are the only linear relations among 7^, the vanishing relations 
above imply that {T, Zp'] ^ and {Tn, Zp'] ^ must be linear combinations of Z^. So we 
must have 

{r, Z^}^ = , {r„, Z-}^ = BipZ^ , (3.83) 

where A| and B^p are some field-dependent coefficients. Substituting them into Di it 
becomes 

Di = llpicAl + Cr,Blp)bmZ^ . (3.84) 

Just as before, we now introduce Q2 to kill this contribution. Focusing at the gh# = 1 
piece of {Yl^,^^oQn- Ylili=o Qri] obtain the equation 6Q2 = —Di. The integrability 

^They are generally denoted by ria^ 
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condition SDi — can be checked using 5bjn — %n and %nZ'^ — 0. Q2 can then be 
constructed by introducing the antighost which is conjugate to 7^ and carries gh# = 2, 
with the definition of 5 on it as 5l3q — h^Z'^. Exphcitly it is given by 

Q2 = \lp{cAl + CnBlp)(5q . (3.85) 

The general theory [35] guarantees that this process can be continued consistently to 
higher orders and the final nilpotent BRST operator Q = Qn is unique up to canonical 
transformations in the extended phase space. To know at which stage the series actually 
terminates requires further calculations, which are left for future study. 

4 Towards quantization 

In this section, to pave the way for future developments, we will analyze the nature of the 
remaining problems to be solved for the proper quantization of the theory. 

4.1 "Free field" basis 

To perform the quantization of the above system in a useful way, the first question to ask 
is whether one can find a "free field" basis as in the case of the superstring. As we will 
see, this turns out to be a non-trivial problem. To clarify the nature of the difficulty, we 
will first study the case of the ordinary BST formulation without the extra spinor 9a in 
the SLC gauge, before tackhng the case of the double spinor formalism. 

Based on the experience with the PS superstring, the best strategy is to begin with 
the construction of a self-conjugate spinor field Sa satisfying the canonical Dirac bracket 
relation 

{S^{a), Sf,{a')}^ = i5^^5{a - a') (4.1) 

from the original spinor 6a obeying 

{W, e^ia')}^ = iG-j5{a - a') , (4.2) 

where Ga/s is defined in (3.42). In the SLC gauge with 9a set to zero, is simplified 
considerably and becomes 

Gap^2{A + B^^Jap, (4.3) 

A = k+, 3"" = -e'^diX+dfx"^ . (4.4) 
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Also, the second class constraint Da reduces to 

Da^~ka-\Gapep. (4.5) 

To construct 5'^, we will need the square root of the matrix G, namely V^^ satisfying 

Va^V^f^^Gap, (4.6) 

and its inverse. Similarly to the calculation of the inverse of Gap given in (3.47), their 
explicit forms are easily found as 



K/3 = e + r'5m7"^, (4.7) 
1 

e= ^(yZTS + VZ^), B = ^/B^B^ . (4.9) 
v2 

Since Gap and Vap do not depend on 9a nor x", we have {Gap, Vjs}p — {Da, Vp-y}p — 0. 
Furthermore Vap is independent of 9a and ka and hence it Poisson-commutes with Ka 
and 9a- Together, this implies the anticommutation relations under the Dirac bracket 
{Vap, ^7.5} o — {Vap, ^t}^) = 0. This then allows us to define Sa as 

Sa = Vap9p. (4.10) 

Indeed this satisfies {Sa{cr), Sp{a')}jj = Va-y{a)Vps{a'){9^{a), 9s{a')}^ = Va.yVpsiG~l5{a- 
a') — i5apS{a — a'), which is the desired canonical relation. 

Next wc examine the Dirac brackets among the basic bosonic variables {x'^ ,p^'^), which 
we collectively denote as /. Since in general {/, Ga/slp 7^ and hence |/, Da} p 7^ 0, 
they no longer satisfy the canonical relations under the Dirac bracket. Furthermore it is 
easy to check that {/, •S'^}^ 7^ 0. 

To find new variables which satisfy the canonical form of Dirac brackets, it is useful 
to examine the structure of {/, •S'^}^ in detail. Explicitly we have 

{/' Sa}^ = {/, Sa}p - {/, Dp}^-G-^^{D„ Sa}p. (4.11) 

Substituting the definition of Sa (4.10) and the form of given in (4.5), and using the 
relation — {/, 1}^ = {/, V}pV~^ + V{f, V~^} p, this can be rewritten as 

{f,Sa}^ = lUapSp, (4.12) 

Uap = ({/, V}pV-' + if, V-'}pV) . (4.13) 
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It is easy to check that U is antisymmetric and {U, So) p — Q. The equation (4.12) then 
imphes that if we modify / into 

f = f-'-U^^S^Sf,, (4.14) 

we can achieve the desired relation {/, 5*0,}^ = 0. 

Using the exphcit form of V and V^^ one can readily evaluate Uais and hence /. It 
turned out that remain intact while the new momenta, to be denoted by p^, are given 

by 

p+ = k+, (4.15) 
p-^k-- -diiUlpS^Sp) , (4.16) 
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p^ = k^- d.iUZSaS^). (4.17) 
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where 



U' = mi mn-p,n ^l^-. 

fjmi ^ ^ ^i^^nj^n 

X"^' = e'^djx"" , x' = ^'^djX+ . (4.20) 

We note in passing that, since x'^ and are unchanged, V^^ remains unaltered and 
is independent of Sa- Therefore, the relation (4.10) can be immediately inverted as 

It is tedious but straightforward to check the Dirac brackets among x^ and the new 
momenta p^. The result is quite satisfying: Their brackets are completely canonical. 
Summarizing, in the case of the conventional BST formulation in the SLC gauge, we have 
succeeded in constructing the basis of fields obeying the canonical Dirac bracket relations 

{x^(a), PN{a')}^ = i5^5{a - a') , [S^ia), Sp{a')}^ = tdo^pd{a - a') , (4.21) 
all others = . (4.22) 



We now turn to the case of the double spinor formalism. The analysis becomes much 
more difficult mainly due to the fact that, even in the SLC gauge, 6a remains in Gap in 
bilinear products with the new spinor 9^ and causes {-Dq,, Gig^jp to be non- vanishing. 
This renders the crucial Dirac bracket relations {V„^, V^s} = {Va/3, ^^-y}^ = no longer 
valid and hence the relation between 9a and Sa cannot be given simply by 9a = VosSp. 
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For this reason, we have not, unfortunately, been able to find the expression of 9^ in 
terms of the "free field" Sa in a closed form. However, we shall give below an evidence of 
the existence of such a "free field" basis by explicitly constructing as a power expansion 
in Sa up to 0{S'^). As the calculations are quite involved, we will only sketch the procedure 
and present the result. 

Since all the Dirac brackets to appear will be local, i.e. proportional to 5{(t — a'), we 
will often omit for simplicity the arguments of the fields a and a' as well as the 5 {a — a') 
factor. What we wish to do is to construct 9a satisfying |i9q,, = iG~p in powers of 

the free field -S'o, obeying \^Sa, 'S'^}^) = i^ap- Thus we expand 9a as^ 

= T^JSp + -^T^l^jqlSpSq + -^T^l^jgrj^pSgSr H , (4.23) 

where the coefficients T's, to be determined, are assumed to (anti-) commute with each 
other and with Sa under the Dirac bracket and the indices in the bracket [ ] are totally 
antisymmetrized. In order to compare the right- and the left-hand sides of the equation 
{^a, ^/j}^ = iG~^, we need to first expand G~^ in powers of 9a and then re-express 
it in powers of Sa using (4.23) itself. In the SLC gauge. Gaff consists of the part ga/3 
independent of 9a and the remaining part {Gija/s linear in 9a in the following way: 

Gaff = gaff + {Gl)aff , (4.24) 
9aff = 2(p+ + 6„7")a^ , {Gl)aff = '2D^,aff0j ■ (4.25) 

In the above, = — e*^7r^7rj^, where is the ^'-independent part of 11^. As for p+ it is 
a redefinition of the momentum A;"*" given by 

p+ ^ k+ - r - d,(9,f;) , (4.26) 

where f'^ and are quantities independent of 9a which appear in the expression of 
in the SLC gauge as = /'*' + 9^f^ + di9^f"t^. We omit their explicit expressions since 
we will not need them. What is significant is that p+ can be shown to commute with Da 
under the Dirac bracket. For this reason, we will treat p"*" as a whole and do not count 
the 9 in it as one power of 9. Lastly, D^^aff is the quantity which will play a central role 
in the following. It appears in the basic Poisson bracket relation^° 

{^^((7), Gaff{a')]p = 2D,^aff5{a - a') , (4.27) 

^In what follows, the Latin indices p, q, r etc. run over the same range as the Greek indices such as 
a, p. 

^°It can be derived using the formulas listed in Appendix B and a use of a Fierz identity. 
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and is given by 



-D^,a/3 = 07^«/3 + PmlaP ) (4-28) 

07 = A - diP^ = 2ze*^5^^a,^^7r+ , = -2ze'^' (7m)77^i^7^/ ■ (4.29) 

Note that it is linear in 9^ and hence vanishes in the ordinary BST formulation. It satisfies 
the Jacobi identity 

^7,a/3 + ^a,/37 + ^/3,7a = ' (4-30) 

due to the fact that the LHS of (4.27) is proportional to {-D7, {-Da, Dp^ p] p. 

Now we can describe the procedure to determine the coefficients T^^^ , T^^^ and T^^^ 
in (4.23). Regarding Gai^ as a matrix, G"^ can be expanded in powers of 9^ as G^^ = 

— g~^Gig~^ + g~^Gig~^Gig~^ _ . . . and further in powers of Sa using (4.23) for 9a in 
Gi. Then, the left- and the right-hand sides of the equation |6'a, (^p} = ^G'^ become 



I (tWt^^) ,7^(1)^(3) _Tn(2) ^(2) \ Q Q I 
~r I -'rvn rtU^/rl ~r rtr. -'^r»>,,^l -'■ a\pp] P\p<j] I ^P^f^ ' 



-RHS^ 
i 



- 2g-'D^g-'T^'JS, 



- [g-'D^g-'T^l^^+Ag-'D-^g-'D'g-'T^'jT^^j) S,S, 



+ 



(4.31) 



(4.32) 



a/3 



where D'^ denotes D^^ap regarded as a matrix. Equating them and comparing the coeffi- 
cients at each order in Sa, we obtain a set of equations to solve for T^"^'s. 

At the zero-th order, we get T^pT^^ — g~p, which can be solved as 

= ^ll > (4-33) 

where v"^ is the "square-root" of g^ satisfying v~^v~^ — g~^ and is given by the previous 
formula (4.8) for V~^, with the substitution A — p+, — bm- 

At the first order, the equation to solve becomes ^apT'^^po-]+^A5^-^i[p(7] 
After some analysis this can be solved as 



2{g-^D^g-^)apv. 



1 

7(T ■ 



Da,/3j = Vaiv^gV'rDp^qr ■ 



(4.34) 

(4.35) 



It should be remarked that the solvability of the equation is rather non-trivial due to the 
required symmetry property of the coefficient T^^j^^y In fact in obtaining (4.34) the use 
of the Jacobi identity (4.30) was crucial. 
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At the second order, the equation to solve becomes considerably more complicated. 
Nevertheless, after a long analysis, it can be solved to determine T^^^gy ^^^^ 
details and summarize the combined result up to 0{S^): 

2 ~ ~ _ _ 

+ g^^ap (^P,7?^/3,5« - 5Dy,pqDs,Pq)SpSySs + 0{S^) . (4.36) 

Since Sa is fermionic, this series will terminate at 0{S^^) at the worst. Although it is 
difficult to guess the closed form expression at the present time, the result above strongly 
suggests the existence of the "free field" basis for the double spinor formahsm as well. 

4.2 Requirements for proper quantization 

In the above, we have shown that in the SLC gauge a basis of fields in which the equal- 
time Dirac brackets among them take the canonical "free field" form can be constructed 
in closed form for the usual BST formulation and gave an evidence that it also exists in 
the double spinor formalism. Assuming that it exists, the usual step for the quantization 
of the system is to replace the Dirac brackets by the quantum (anti-)commutators. It 
is important, however, to recognize that this procedure constitutes only a part of the 
quantization. Below we discuss the requirements for a proper quantization and briefly 
explore a possible scheme to realize them for the supermembrane case. 

Logically, a classical theory does not determine a corresponding quantum system. 
In addition to giving the equal-time (anti-)commutation relations for the basic fields, 
one must also specify (i) the operator products between all the fundamental variables 
including the nature of short-distance singularities and (ii) the way to define the composite 
operators which have finite matrix elements. These specifications themselves must satisfy 
certain requirements. The most important among them is that they retain the local 
symmetries governing the degrees of freedom of the system. Otherwise anomalies may 
result and the quantum system becomes inconsistent. Another requirement is that the 
physical observables should be hermitian. Further, one often demands that the global 
symmetries of the classical theory remain intact. It is not known, however, whether 
these requirements uniquely fix the quantum theory. There may exist more than one 
set of rules which satisfy all the requirements. In such a case, they define different but 
consistent quantum extensions of a given classical theory and a choice among them can 
only be decided by physical experiments. 

In the case where the theory can be treated perturbatively starting from a free La- 



29 



grangian, the procedure of constructing a consistent quantum theory from a classical 
theory has been systematized through many efforts over the years and is now regarded as 
a textbook matter. It is instructive, however, to recall the reason why this has been pos- 
sible. For a genuine free theory, one not only has the canonical equal time commutation 
relations between the conjugate fields, such as x), ll^{t, x')] — i5{x — x'), but also the 
crucial relations between them, like = 9^0. Because of this, the operator products (or 
the basic correlation functions) among the free fields are completely fixed including the 
singularities at the coincident point. This then allows one to easily define finite composite 
operators by removing such singularities. When one turns on the interactions, infinities 
arise at the loop level. But since their structures follow from prescribed rules, one can 
find suitable symmetry-preserving regularization scheme and perform renormalization in 
a systematic manner. 

In contrast, the system that we are dealing with does not admit such a perturbative 
treatment. In fact the information on the dynamics is contained in its entirety in the set 
of first class constraints in the phase space. Even if one finds a basis of fields where conju- 
gate fields enjoy canonical (anti-)commutation relations, such as {a:;^(t, a), pAr(t, o"')}^ ~ 
5^5{a — a') or its quantum replacement, they are not related simply, like = dtx^ , 
reflecting the fact that they need not be bonafide free fields. In this situation, what is 
crucial is to define the complete operator products of these fields and the prescription 
to render the composite operators finite in such a way that the the constraint algebra is 
realized quantum mechanically. In the case of the superstring studied in [22] , it turned out 
that this was achieved simply by assuming the free-field operator product together with 
the usual radial normal-ordering and adding a few quantum improvement terms to the 
constraints. In this way the free-field postulate of Berkovits was fully justified. In the case 
of the supermembrane, however, it is not obvious that a similar prescription will work. 
We must postulate certain rules and see if they lead to a consistent quantum theory. 

Although this problem has not been solved, we shall present a preliminary investiga- 
tion, which helps clarify the nature of the problem. In what follows, we will concentrate 
on the local consistency and ignore possible global issues. Specifically, we will consider the 
case where the worldvolume is of the structure i? x S, where R denotes the non-compact 
timelike direction and S is a compact spatial 2-surface admitting a real complete or- 
thonormal basis {F/((t)} for the functions on E with the properties 



Consider first the bosonic field a;^(t, cr) and its conjugate p^(t, cr), which are assumed 




I 



(4.37) 
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to satisfy the canonical commutation relations 

[x''{t,a),x''{t,a')] = [p^{t,a),p''{t,a')]^0. 
We expand them in the basis above as 



(4.38) 
(4.39) 



(4.40) 



/ J 

and further decompose x'^^{t) and p^\t) into positive and negative frequency parts in the 
following way: 



rfcu(6f(u;)e''^* + 6^f(a;)e-''^*) . 



(4.41) 
(4.42) 



y2n Jo 

Here, Q is a cutoff in frequency to make subsequent computations well-defined. It is easy 
to see that to reahze (4.38) we must set 



af{ij),b^j{u;') = a^f{uj),bf{u') = zr;*^%^% - a;') , 



[af(a;),6^(a;0]= a^f{u;),b^^{u;') 



= 0. 



(4.43) 
(4.44) 



Note that the commutators [a, , [a, a] , \b, 6^] and [b, b] are not yet determined because 
of the lack of explicit relation between x^ and p^ . Now further imposing (4.39) we get 



af (u;), (.;')] = ^''^/a(/, mu - J) , 
[a,a] = [6,6] = 0, 



(4.45) 

(4.46) 
(4.47) 



where the only restrictions on fa{I, J) and fb{I, J) arc that they arc hermitian and sym- 
metric in I, J. Generically they may even depend on the operators a,a^,b,b^. With 
respect to the states built on the Fock vacuum |0) characterized by a|0) = 6|0) = 0, one 
can define finite normal-ordered product of two operators : AB : in the usual way, namely 
by placing a and b to the right of and 6^. Then the product of spatially separated 
operators can be written as 



A{t, a)B{t, a') = A{t, a)B{t, a') + : A{t, a)B{t, a') : , 



(4.48) 
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which should be regarded as the definition of the "contraction" A{t, cr)B {t, a'). Apphed 
to x'^ and in question, we readily get 

f{t:a)p ''{t, a') = ^r^^^5(<7 - cj') ^\ <7),p^(i, a')] , (4.49) 

x''{t,a)f {t, a') = ir?*^^ /'^(^' , (4-50) 

i,j 

p^%a)p''{t, a') = Ir/^^ Yl /''(^' J)Yi{a)Yj{a') . (4.51) 
' ' i,j 

This makes it crystal clear that, while the singularity of the product of mutually conjugate 
fields is canonical, the one between the non-conjugates is dictated by the functions /„(/, -/) 
and fb{I, J)- The main task of the proper quantization is to choose these functions so that 
the algebra of first class constraints (with possible modifications of their explicit forms) 
is maintained quantum mechanically. 

Although this is a difficult problem, a progress can be made if a solution exists within 
the assumption that these functions can be chosen to be c-numbers. In this case, the 
normal-ordered product for more than two fields can similarly be defined by pushing 
the annihilation operators to the right. This gives the familiar recursive definitions (for 
bosonic fields) 

n 

A : B1B2 ■■■B^:=: AB^B^ • • • 5, : + ^ AB, : 5i ■ ■ ■ 5, ■ ■ ■ 5„ : , (4.52) 

i=l 

where Bi signifies the removal of Bi. In this form the fact that the normal ordering removes 
all possible singularities is manifest. Furthermore, it can be shown, again recursively, that 
the normal-ordered product of any number of hermitian fields is hermitian. Therefore, 
once the construction of the canonical basis of fields is completed, it should be possible to 
examine the quantum algebra of constraints just as in the case of genuine free fields. In 
fact the above c-number assumption appears reasonable from the point of view of bose- 
fermi symmetry. If we repeat the analysis given above for the canonical fermionic field 
Sa satisfying {Sa{t,a), Si3{t,a')} = 6a^6{a — a'), we easily find that the singularity in 
the operator product must be canonical, namely Sa{t,o')Si3{t,(x') = ^6ai3S{cr — a'). This 
is due to the self-conjugate nature of Sa- Now if the local singularity structure is not 
drastically altered in the double spinor formalism compared to the usual BST formalism, 
Sa and x^^ should be related by supersymmetry. Then, it would be rather unnatural if 
the singularity in x'^{t,(T)x^{t,a') is operator valued while the one for Sa{t,(T)Sf3{t,a') 
is a c-number. In any case, whether the quantum constraint algebra can be realized with 
the assumption above should be examined carefully in a future work. 
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5 Summary and discussions 



In this work we started an attempt towards pure spinor type covariant quantization of 
the supermembrane in 11 dimensions as an apphcation of the "double spinor" formahsm 
that we developed previously for the superstring. Starting from a simple generalization 
of the conventional BST action with doubled spinor degrees of freedom and a new local 
fermionic symmetry, we carefully analyzed the structure of the constraints in the semi- 
light-cone gauge. Although the amount of computation is far greater than in the string 
case, in the end we found a very simple algebra of first class constraints which governs the 
entire dynamics of the theory. This demonstrates that at least at the classical level the 
double spinor formalism works nicely for the supermembrane as well. In order to quantize 
the theory in a tractable way, one must find the basis in which the fundamental fields 
obey canonical Dirac bracket relations. For the BST formulation in the SLC gauge we 
were able to construct such a basis in closed form, while for the double spinor formulation 
we indicated its existence by constructing it in the power series in the canonical fermionic 
field. Finally we discussed in some detail what are required for the proper quantization 
and suggested a direction to pursue. 

Although the fact that the structure of the all-important first class algebra remained 
simple even for the supermembrane is remarkable and encouraging, clearly much work is 
needed for its quantization and the subsequent extraction of the "covariant core" of the 
ERST operator. Besides further developing the type of analysis presented in Sec. 4, it 
would be interesting and instructive to study in detail how our results reduce to the case 
of type IIA superstring upon appropriate dimensional reduction. We hope to report on 
these and related matters elsewhere. 
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Appendix A: Notations and conventions 



We take the 32 dimensional Majorana representation for the SO{10, 1) gamma matrices 
and they satisfy 

{r*^,r^} = 27;^^. (A.i) 

Our convention for the metric is mostly plus: rj = (—,+,...,+). The lightcone decom- 
position of a vector is taken as 

(^;±,^;"»), ^ ^0 ^ ^10^ m = 1, . . . , 9. (A.2) 

Wc also define = d= F^°. The lightcone chirality operator ( i.e. the 5*0(1, 1) boost 
charge) is defined as f = pOpio we take a basis of spinors in which f is diagonal. A 
32 dimensional spinor 0a is decomposed as 0a = (0o, 0a) (a, « = 1, . . . , 16) according to 
the f -eigenvalue (fQ,^0^ — 0q, and f^^0^ = —0^), and explicitly, we have 

Note that this basis differs from the ten dimensional chirality basis in which F^° is diagonal. 
The charge conjugation matrix C is characterized by the property C(F^)"^C~^ = F'^ and 
it coincides with F'^. Some formulas useful to remember are 

The indices of the 16 x 16 components have the following symmetries 

lap l(3ai Ia/3 'pa' ' ap 'pa ' V^-"/' 

and 7^ and 7^'^ obey the 50(9) Chfford algebra. 

Finally, we note the basic Ficrz identity in 11 dimensions, which we utilized in many 
of the calculations in the main text: 

= {cr^)AB{crMN)cD + (cr^)A( 

+ {CTmn)ab{CTm)cD + (OFMAr)^c(OFM)_DS + {Cr M n) Ad{CT m) BC ■ (^•'^) 
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Appendix B: List of useful formulas in the SLC gauge 

In order to keep the length of the paper reasonable, we had to omit many of the calcula- 
tions, especially those performed in the SLC gauge, where 9a — 0. To partially compensate 
this omission, below we will collect some useful formulas for the basic quantities in this 
gauge. 

First, before imposing the gauge condition, the basic building blocks Uf^ , Wl^{Q) and 
Wl^^{Q) are decomposed as 

nf = - td,{9Cr''9) - W,*^(e) = Trf - + 2af , (B.l) 
^ (9) = iQCr^diQ = wf + wf - (af + af ) , (B.2) 
W,^^(e) = iecr^^9,e = ^ + ^ - (6f ^ + 6f ^) , (B.3) 

where the variables in lowercase letter are given by 





= da"" - wf , 




(B.4) 




= w^{e) , 




(B.5) 




^i9Cr^di9, 


af = i9Cr^di9 , 


(B.6) 








(B.7) 






6f ^ = i^cr^^a,^ . 


(B.8) 



af, af, bf^ and bf^ are hnear in 9 and ^. 

Now we go to the SLC gauge by setting 9a — 0. In the following, we will use the 
notation 9 = {9a), 9 = 9a,0 = {9a)- Then the non- vanishing hght-cone components of the 



variables in lowercase letter are 

wr^-2i9d^9, w^"' = 2i9-f"'di9 , (B.9) 

a'p = i9^'^di9, a-r = -2i9di9 , (B.IO) 

= i9-f'^di9 , al = -2i9di9 , (B.ll) 

6+- = 2i9di9 , b-"" = 2i9-f"'di9 , bf"" = -i9^'^''di9 , (B.12) 

bt~ = 2i9di9 , br"" = 2i9-f"'di9 , ftf" = -i9j'^''di9 . (B.13) 

In terms of them, the light-cone components of the basic building blocks become 

n+ = 7r+, Ur^n--wr + 2a-, = Trf + 25^ , (B.14) 

W+^wt, Wr^w- + w.-{ar + a-), W,- = < - (a^ + <) , (B.15) 

wr = wr - {br + in , = , (b.ig) 

Wr"^ = ^i;r™ + w;"" - + fer'") , Wl^"" = w™'^ - (6f " + 6;"") . (B.17) 
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The quantities which play important roles in the text are G^/? and given by 

Gap^2{A + B^^^)^p, (B.18) 

A^k+-F+, Bm^ -e'^n+n^,- , (B.19) 

Da^ka- ik-^Oa + ■ (B.20) 

In the SLC gauge, Bj^ simphfies to Bj^ — —e'^H^{'KY + 25^*). F+ becomes 

F+ = F(°)+ + F(i)+ , (B.21) 

F(o)+ ^ (^vr+ + + e^^wt"^ (^f + , (B.22) 

F(i)+ = i6^^(6+- + It-) (^t + + ^6^%r (3ar - af) , (B.23) 

where is independent of 9 and is linear in 6. $q, is still complicated. If we 

split it as 

= ¥^'> + <|(f ) , (B.24) 

= -^e*'(©r^^)c« (^nM^n^v,- + ^M^VFiv,• + ^WmiWn^ , (B.25) 

^(i^) = '-e^^wriQrM)a (n^, + ^W^^,) , (B.26) 
the light-cone decompositions for ^'^^ and ^i^'' take the form 

+ (^7'"")a (nrn^" + nf W7 + ^w^^w;'^ | , (B.27) 



TT. + -w: 



- l{hm)awt"' iUj + ^Wr]\. (B.28) 
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Appendix C: Equivalence between {T, 7^} and {T^^\ T^^^} 

In this appendix, we will show that under generic conditions the 10 constraints {T, %n} 
are equivalent to the original bosonic constraints {T'^^\T-^^}. 

T and 7^, given in (3.52) and (3.53), can be conveniently written as 



K = a'T^^^ + &T(°) , = + d^T^^) , (C.2) 



where 



A = /C+, B^^-e'm+Ilmj, B^^BmB^, (C.3) 
= 4e^^n+(e*^'n^n+) - SB^e'm]" , 6 = -AA , (C.4) 

4 = 8e*^^ (n+x:^ - /c+n„,) , = -ab^ , (c.5) 

and JC^ was given in (3.28). As stated previously, we assume A"^ — B'^ and A 0. 
Since T^^^ = t;^^) = =^ T = t;^ = is trivial, what should be shown is the converse. 

First from the form of and the definition of B^, one finds that H^cJ^ = SABjn and 
hence dm = —^Bm = —{l/2A)Ii'ldm. Putting this into Km yields 

2i{A^ - B^)Tm = C (t['' - ^tw) . (C.6) 

Now generically the 2x9 matrix has rank 2 and C^^ = CmC'm is invertible. This means 
that the hnear combination 2i(A'^-B^)C-'^ij(4nTm is actually equal to T^^^ -{1/2 A)UlT^^\ 
Thus Tm — imphes the following relation 

2A ' ^ ■ ^ 

Next we note the simple relation Il^a* = 8B^, which can be easily checked. We can use 
this relation and (C.7) to rewrite K into the form 

K = a'T}^^ + bT^°^ = - 52)r(°) . (C.8) 

Setting this to zero yields T(°) = and this in turn gives t/^^ = from (C.7). Therefore 
under generic conditions the constraints T — 0,7^ — are equivalent to the original 
constraints T(°) = 0, t/^^ = 0. 
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Appendix D: First order reducibility function Zp 

In this appendix, we give the exphcit form of the first order reducibihty function 
satisfying 

Z^T^ = 0, (D.l) 

where 7^ = {% = T,%n). Prom the exphcit form of 7^ given in the Appendix C, it is 
easy to see that (D.l) above is equivalent to 

AZl + B^Z^^O, (D.2) 
a'Zl + ci,Z^^O. (D.3) 

First contract (D.3) with 11^. Using the relation Il^a* = 8B^ already utilized in the 
Appendix C and a similar one H^c^ = 8ABm, which can be easily checked, we get 

B^Zl + AB,^Z^ = 0. (D.4) 

Combining (D.2) and (D.4) we deduce 

^-^^B^Z-. (D.5) 

Since — B"^ ^ 0, this implies B^Z^ = and further from (D.2) we get Zp = 0. 

To solve BmZ^ — for Z^ exphcitly, recall that B^ is given by B^ — —e'^^UlUmj- 
Thus the equation can be written as 

e'^n+F,,- = 0, (D.6) 

where Yjp = Uj^jZ^- Its general solution is given by 

Yjp = Cpll+ , Cp = arbitrary . (D.7) 

Now if we employ the 9- vector notation Zp = [Z^], the relation Yjp = U^jZ^ can be 
written as 

Zp • III = n+ , • 112 = n+ . (D.8) 

where, without loss of generality, we have absorbed the factor Cp into Zp. Since there 
arc precisely 7 vectors orthogonal to the plane spanned by Ilj, wc will denote them by 
Xp. Then the general solution to (D.8) is of the form Zp = W + Xp, where W is the 
unique solution of (D.8) lying in the 111-112 plane. Making the expansion W = ^Jli 
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and plugging it into (D.8), the equation for the coefficients becomes Rij^j — H^, where 
Rij = Ui ■ iij = nf^ny*. The solution is 

R^-'-^. (D.9) 
Thus the complete solution for Z^, up to an overall factor for each p, is given by 

4 = Xp- + i?-.^n+ii, , Xp-Ui^o (D.io) 

4 = 0. (D.ll) 

It is easy to see that the reducibihty is of first order, i. e. there are no further linear 
relations among the seven vectors Zp. Indeed = X^Zp = A^Xp + {}2p '^j'^i 
implies = 0, since Xp are orthogonal to Ilj and are linearly independent. 
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